Abstract: The crossover from weak coupling Bardeen-Cooper-Schrieffer (BCS) pairing to a Bose-Einstein condensate (BEC) of tightly bound pairs, as a function of the attractive interaction in Fermi systems, has long been of interest to theoretical physicists. The past decade has seen a series of remarkable experimental developments in ultracold Fermi gases that has realized the BCS-BEC crossover in the laboratory, bringing with it fresh new insights into the very strongly interacting unitary regime in the middle of this crossover. In this review, we start with a pedagogical introduction to the crossover and then focus on recent progress in the strongly interacting regime. While our focus is on new theoretical developments, we also describe three key experiments that probe the thermodynamics, transport and spectroscopy of the unitary Fermi gas. We discuss connections between the unitary regime and other areas of physics -quark-gluon plasmas, gauge-gravity duality and high temperature superconductivity -and conclude with open questions about strongly interacting Fermi gases.
Introduction:
The problem of the BCS-to-BEC crossover first arose in an attempt to understand superconductivity and superfluidity going beyond the standard paradigms. Recent developments in trapping, cooling and controlling the interactions in ultracold Fermi gases have led to a realization of the BCS-BEC crossover in the laboratory. The most interesting new developments, both in theory and experiment, relate to a very strongly interacting state of matter -the unitary Fermi gas -that lies right at the heart of this crossover.
The goal of this review is to provide an introduction to the BCS-BEC crossover and describe some of the beautiful new results on the unitary Fermi gas. Our main focus will be on theoretical developments, although we will also describe some experimental results as the interplay between theory and experiment has been central to recent developments.
Until recently, all known superfluids and superconductors fell into one of two disjoint classes: bosonic and fermionic. This, in fact, led to two quite distinct paradigms , BEC and BCS, for understanding the "super" properties of quantum fluids.
The BEC paradigm, first developed for non-interacting bosons and later generalized to take into account repulsive interactions, describes bosonic fluids like 4 He or ultracold Bose gases like 87 Rb. The condensate is a macroscopic occupation of a single quantum state that occurs below a transition temperature T c , which, even in strongly interacting Bose systems like 4 He, is of the same order of magnitude as the quantum degeneracy temperature at which the inter-particle spacing becomes of the order of the thermal de Broglie wavelength. Although the bosons studied in the laboratory are composite particles made up of an even number of fermionic constituents, this internal structure is quite irrelevant for the low energy properties of the superfluid (T < T c ) or normal (T > T c ) states. The BCS paradigm, first developed for metallic superconductors, describes a pairing instability arising from a weak attractive interaction in a highly degenerate system of fermions. The formation of pairs and their condensation both occur at the same T c that is orders of magnitude smaller than the Fermi energy E F , which sets the scale of the degeneracy temperature (we set = k B = 1). The BCS theory is not only spectacularly successful in describing conventional superconductors, and predicting new phenomena (like the Josephson effects), it has also been generalized to describe a variety of systems including pairing in nuclei and fermionic superfluidity in 3 He. Several recent developments, both in experiment and theory, have led to an examination of fermionic superconductors and superfluids that cannot be adequately described within the BCS framework. Perhaps the most notorious of these is the still unsolved problem of high temperature superconductivity in the cuprates, which we will briefly return to in the Concluding section. Our main focus, however, is on the BCS-BEC crossover. Early theoretical work on the crossover was of conceptual interest, but the real excitement came from its experimental realization in [2004] [2005] [1, 2, 3, 4, 5, 6, 7] . There is now a clear recognition that the BCS and BEC paradigms are not as distinct as they were once thought to be, but rather are the two extrema of a continuum. It is particularly interesting that right in the middle of this crossover lies a most strongly interacting state -the unitary Fermi gas -which has several remarkable properties. The unitary regime has the highest ratio of T c /E F 0.15 − 0.2 ever observed in any fermionic superfluid, a large pairing energy gap ∆ 0.5E F , and an unusual normal state with an anomalously low shear viscosity to entropy density ratio η/s ∼ 0.2 that comes close to saturating a lower bound derived in a very different context using gauge-gravity duality in string theory.
For a fuller account of the subject of this review and a more complete set of references, we recommend Ref. [8] , which contains over a dozen chapters written by leading experts. Other review articles include Refs. [9, 10, 11, 12] . In the remainder of this Section, we give a brief overview of the prehistory of theoretical studies of the BCS-BEC crossover, prior to the cold atoms era, and of the key experimental developments in the early days of ultracold Fermi gas experiments. We conclude the Section with an outline of the rest of the article.
History: The idea of invoking some sort of BEC to understand superconductivity is an old one dating back to Schafroth et al. [13] . However, their theory had problems in dealing with real metals, not least because the Cooper pairs are hugely overlapping in real spacehardly describable as point bosons -and the antisymmetry of the electronic wavefunction was crucial to the problem of superconductivity. The BCS description in terms of "momentumspace pairing", on the other hand, faced up to all these challenges and made quantitative predictions for the properties of superconductors known at the time, in addition to giving deep new insights. In the wake of the success of BCS theory, the differences with BEC were stressed much more often than their commonalities.
In a pioneering paper, Eagles [14] studied superconductivity in doped semiconductors like SrTiO 3 with a very low carrier density, where the attraction between electrons need not be small compared with the Fermi energy E F . This led to the first mean-field treatment of the BCS-BEC crossover. (The problem of superconductivity in doped SrTiO 3 is back in vogue again with recent experiments on oxide interfaces.) Independently, Leggett [15] addressed the problem of the BCS-BEC crossover in a dilute gas of fermions at T = 0 motivated by superfluid 3 He. Although 3 He is very much in the BCS limit, Leggett wanted to understand the extent to which some of its properties, such as the total angular momentum of the superfluid, might be similar to that of a BEC of diatomic molecules. A finite temperature analysis of the BCS-BEC crossover, along with the evolution of the critical temperature T c was first presented by Nozières and Schmitt-Rink (NSR) [16] . We will come back to the results of Leggett and NSR in Section 3.
With the discovery of high temperature superconductors in 1986 and the realization that the pair size is only slightly larger than the average interparticle spacing, there was a resurgence of interest in the BCS-BEC crossover. A simple model like a Fermi gas with a strong attractive s-wave interaction is of course unable to quantitatively describe the high T c materials, where d-wave superconductivity arises upon doping an antiferromagnetic Mott insulator. Nevertheless, important new ideas like that of a pairing pseudogap that were introduced in these investigations are relevant for all short coherence-length superconductors. These ideas will be discussed below.
Questions analogous to the BCS-BEC crossover also arise in several other problems of condensed matter physics. These include the problem of exciton condensation, as first discussed by Keldysh [17] , although long range Coulomb interactions make the physics somewhat different. Another problem of great interest is that of the crossover from a weak-coupling Slater insulator with spin density wave antiferromagnetism to the strong-coupling Mott insulator with local moment antiferromagnetism in the repulsive Hubbard model at half-filling. In fact the mathematical description of this crossover from itinerant to local moment magnetism is quite similar to the BCS-BEC crossover in a lattice problem such as the attractive Hubbard model. In this review we will focus exclusively on continuum, as opposed to lattice, formulations of the crossover since all of the experimental activity to date has been on Fermi gases without an underlying lattice. It is likely, however, that as progress is made on cooling fermions in optical lattices, we will soon see experiments on the weak-to-strong coupling crossovers in both repulsive and attractive Fermi Hubbard models. Finally, we note that very similar ideas have been explored in the context of colour superconductivity [18] .
Ultracold Fermi gas experiments: Ultracold Fermi gases began to be studied experimentally soon after the 1995 observation of BEC in ultracold Bose gases. Cooling Fermi gases turned out to be harder than their bosonic counterparts, but quantum degeneracy in an atomic Fermi gas was first established in 1999 [19] . It was soon realized that one could exploit the Feshbach resonance (see Section 2) to tune the effective interaction between two hyperfine species of fermions, the two states being the analogs of spin |↑ and |↓ electrons in a superconductor. Unlike in the bosonic case where increasing the strength of interactions leads to loss of stability due to enhanced three-body losses, in the Fermi gas, Pauli exclusion Figure 1 : Quantized vortices in rotating Fermi gases. From Ref. [7] . saves the day [20] . This leads to previously unexpected stability in the strongly interacting regime of Fermi gases, which has the highest superfluid transition temperatures and the most interesting properties, but which was never before studied in the laboratory.
Observing the transition to the superfluid phase for fermions also turned out to be harder than in the Bose gases, since the phase transition does not lead, in general, to a significant change in the density profile of a trapped gas [1, 2] . The first experiments demonstrating a superfluid transition were in the BEC regime where the fermions are already bound into bosonic diatomic molecules above T c . The condensation of these molecular bosons has a signature similar to that of atomic BEC. An ingenious pair-projection technique was introduced to probe condensation in the fermionic regime, wherein the fermionic BCS pairs were projected onto molecular pairs and then imaged [1] . Once condensation of fermion pairs was demonstrated at T c /E F 0.15 − 0.2, the experimental (and theoretical) activity in this field exploded. We conclude this subsection by mentioning only one out of many beautiful experiments: a direct proof of superfluidity was provided by the observation of an Abrikosov vortex lattice in a rotating Fermi gas; see Fig. 1 .
Outline: The rest of this review is organized as follows. In Section 2, we introduce the Feshbach resonance and the s-wave scattering length a, the tunable interaction in Fermi gases. We then turn in Section 3 to the simplest description -mean-field theory plus Gaussian fluctuations -that provides a qualitatively correct picture of the entire crossover. We next describe recent theoretical progress in the strongly interacting, unitary regime where a diverges, and the approximations of Section 3 are the least reliable. In Section 4, we describe field theoretical approaches and quantum Monte Carlo results and in Section 5, we focus on exact results that are valid across the entire crossover, including unitarity. In Section 6, we turn to three important experiments that probe the thermodynamics, transport and spectroscopy of the unitary Fermi gas. These illustrate important aspects of the strongly interacting regime: the superfluid phase transition, the anomalously low viscosity and the possibility of a pairing pseudogap. In Section 7, we discuss some problems related to the BCS-BEC crossover (that we do not have space for in the main text) as well as some open questions. We end with some concluding thoughts in Section 8.
Tunable interactions:
The Fermi atoms used in the BCS-BEC experiments have so far been either 6 Li or 40 K. Typical experimental parameters are: total number of atoms N ∼ 10 5 − 10 7 , interparticle distance or k −1 F on the order of a micron, Fermi energy E F of order 100 nanoKelvin, temperatures going down to ∼ 0.1E F . The two species of fermions are actually two different hyperfine states, but are often called "spin" |↑ and |↓ in accordance with the standard usage of BCS theory. For experimental details, the reader is referred to Ref. [9] .
The most important difference with all previously studied superfluids is the fact that the interaction between |↑ and |↓ fermions can be tuned in the laboratory. The average separation between atoms k −1 F is much larger than the range of the inter-atomic interaction potential r 0 . For a dilute gas, with k F r 0 1, in three dimensions the interaction can be specified by a single parameter, the s-wave scattering length a. All thermodynamic and transport properties of such a dilute gas can be written in a "universal" scaling form; for instance the free energy F at any temperature can be written in the form
where F is a dimensionless scaling function. This result is "universal" in the sense that it is independent of all microscopic details, provided k F r 0 → 0. For instance, the pressure of 6 Li at a given value of the interaction parameter 1/k F a and temperature is the same as in 40 K, modulo negligible corrections set by k F r 0 . Deviations from universality, e.g., differences between results for 6 Li and 40 K, would be expected when effects on the scale of the range r 0 become important.
Let us briefly describe the Feshbach resonance without going into too many technical details. Consider the two-body problem in vacuum at T = 0. A Feshbach resonance is a dramatic increase in the collision cross-section of two atoms when a bound state in the "closed channel" crosses the scattering continuum of the "open channel"; see the left panel of Fig. 2 . In the specific example of 6 Li (electronic spin S = 1/2, nuclear spin I = 1) the electron spin is essentially fully polarized (at the magnetic fields of interest B ≥ 500 G) and aligned in the same direction for each of the three lowest hyperfine states. Thus two colliding 6 Li atoms are in a continuum, spin triplet state in the open channel. The closed channel has a singlet bound state state that can resonantly mix with the open channel due to the hyperfine interaction that couples the electron spin to the nuclear spin. (This is the only place in this article where we discuss the electronic spin of the Fermi atoms; at all other places "spin-up" and "-down" denote the two hyperfine states of the two-species Fermi gas).
The difference in the magnetic moments in the closed and open channels allows the experimentalist to use an external magnetic field B as a knob to tune across a Feshbach resonance; for details see Refs. [9, 21, 22] . The resulting interaction between atoms in the open channel can be described by a B-dependent scattering length which, in the vicinity of a resonance, has the form Here a BG is the background value in the absence of the coupling to the closed channel, while B 0 and |∆B| are the location and width of the resonance. For most resonances of interest to experimentalists, a BG ∆B > 0, with the result that for increasing B the inverse scattering length goes from positive to negative. Thus experimental results are often plotted as a function of −1/k F a (increasing B) rather than 1/k F a.
To get an intuitive feel for the scattering length, we do not need to understand the intricacies of the two-channel model of a Feshbach resonance. Instead, we can look at the much simpler single-channel problem of two particles with a short-range interaction. This simplified discussion is quite sufficient to understand much of the current experimental and theoretical literature on cold Fermi gases. The technical reason for the validity of this singlechannel model is that most of the experiments are in the so-called "broad" resonance limit where the effective range (which we do not discuss here) of the Feshbach resonance is much smaller than k −1 F [23, 24, 25] . This ensures that the fraction of closed-channel molecules is extremely small, a feature directly confirmed in experiments [6] .
Consider then the problem of two fermions with "spin" |↑ and |↓ interacting with a two-body potential with range r 0 . The low energy properties at momentum k, such that kr 0 1, are described by the s-wave scattering amplitude
is the s-wave scattering phase shift whose low-energy behavior is completely determined by the scattering length a.
Since this effective interaction is independent of the detailed shape of the potential, we can examine it for the simplest model potential -a square well of depth V 0 and range r 0 -to get a better feel for the scattering length a as a function of V 0 . As shown in the right-panel of Fig. 2 , a < 0 for weak attraction, grows in magnitude with increasing V 0 , and diverges to −∞ at the threshold for the formation of a two-body bound state in vacuum. (The threshold for a square well is V 0 = π 2 /mr 2 0 , where the reduced mass is m/2.) Once this bound state is formed, the scattering length changes sign and decreases from +∞ with increasing V 0 . Above threshold, a > 0 has the simple physical interpretation as the size of the bound state, whose energy is given by −1/ma 2 . The threshold for bound state formation in the two-body problem, where |a| → ∞, is called the unitary point. Here the phase shift δ 0 (k = 0) = π/2 and the scattering amplitude f ≈ −1/ik takes its maximum value allowed by unitarity. As we shall see, the many-body problem at unitarity is the most strongly interacting regime in the BCS-BEC crossover.
In addressing the many-body problem, it is more convenient to use a "zero-range" contact potential in the Hamiltonian
to incorporate the relevant s-wave scattering physics. Here the chemical potential µ controls the density of fermions with dispersion k = k 2 /2m. The attraction between the two "spin" species is characterized by a coupling g(Λ), where the inverse range of the potential determines the cutoff Λ 1/r 0 k −1 F . We choose the "bare" g(Λ) such that it leads to a "renormalized" interaction described by the scattering length a; see e.g., Refs. [26, 27] . This is given by the two-particle Schrödinger equation in vacuum, written in k-space as
The ultraviolet divergence associated with the zero-range potential in the many-body problem is then regularized using Eq. (5), with Λ → ∞ in the calculation of any observable. An equivalent real-space approach is often very useful. The s-wave wavefunction for the relative motion of two particles in vacuum, whose energy vanishes at infinity, has the form
The N -particle wavefunction in the many-body problem must then have the same shortdistance behavior when any two particles with opposite "spins" come together, keeping the remaining (N − 2) particles fixed.
Global phase diagram:
We are now ready to address the many-body problem of a finite density of "spin" ↑ and ↓ fermions with a two-body interaction specified by the scattering length a, so that the dimensionless coupling constant is 1/k F a. The BCS limit 1/k F a → −∞ corresponds to a weak attraction that is not able to form a two-body bound state in vacuum, but nevertheless leads to a collective Cooper instability in the presence of a Fermi surface. In the opposite limit 1/k F a → +∞, strong attraction leads to tightly bound diatomic molecules which exhibit BEC. In this Section we focus primarily on the simplest theoretical approaches that qualitatively describe the evolution from BCS to BEC. In addition to giving physical insight, Figure 3 : Qualitative phase diagram of the BCS-BEC crossover as a function of temperature T /E F and coupling 1/k F a, where k F is the Fermi momentum and a the scattering length (based on the results of [27] ). The pictures show schematically the evolution from the BCS limit with large Cooper pairs to the BEC limit with tightly bound molecules. Unitarity (1/k F a = 0) corresponds to strongly interacting pairs with size comparable to k −1 F . The pair-formation crossover scale T * diverges away from the transition temperature T c below which a condensate exists and the system is superfluid, as the attraction increases. The best quantitative estimates of T c and T * along with the question of the pseudogap at unitarity are discussed in the text. this discussion will help the reader better appreciate recent progress, both quantitative and conceptual, that is described later in the review.
Ground state crossover: It was recognized early on [14, 15] that the BCS wavefunction continues to provide a qualitatively reasonable variational description of the pairing correlations for arbitrary attraction. The T = 0 crossover mean field theory (MFT) is essentially the same as standard BCS theory, except that one also has to self-consistently determine the renormalization of the chemical potential µ together with the MFT gap equation. µ decreases monotonically with increasing attraction, going from E F in the BCS limit to a negative value in the BEC limit, where it approaches half the pair binding energy, −1/2ma
2 . MFT describes a smooth crossover from the weak-coupling BCS limit with large, overlapping Cooper pairs of size ξ pair ∼ k
F all the way to the strong-coupling BEC regime of tightly bound dimers (ξ pair k
There is no singularity in the many-body state at unitarity (the threshold for a two-body bound state in vacuum) because collective Cooper pairs have already formed at arbitrarily weak attraction in the many-body problem. Mathematically, the divergence of a at unitarity does not lead to singular behavior since all observable are functions of 1/k F a as already noted in Eq. (1).
It is important to emphasize that although the attraction increases monotonically from BCS to BEC, both limits are weakly interacting. This is obvious for the BCS limit. It is also true for the BEC limit because once the strong attraction is resolved by dimer formation, all that remains is a weak residual repulsion between dimers, which vanishes in the deep BEC limit; see below.
The most strongly interacting regime is right in the middle of the BCS-BEC crossover where the scattering length |a| k
F . In the ground state at unitarity 1/k F a = 0, the pair size is on the order of the interparticle spacing ξ pair k −1 F . We will see in later Sections that some of the most exciting new developments have been in the unitary regime.
Finite temperature properties: To determine the T > 0 phase diagram, one needs to determine the superfluid transition temperature T c as a function of 1/k F a. MFT [27] yields the BCS result T c = (8γ/πe
2 )E F exp(−π/2k F |a|) when 1/k F a → −∞. With increasing attraction, the MFT T c estimate becomes qualitatively incorrect. In fact, as argued in Ref. [27] , the MFT estimate is really a "pairing temperature" T * below which a significant fraction of fermions are bound in pairs and which has nothing to do with condensation except in the weak coupling BCS regime. In the strong coupling limit
is the Saha dissociation temperature for dimers with binding energy E b = −1/ma 2 . Nozières and Schmitt-Rink (NSR) [16] gave a diagrammatic approximation for calculating T c that interpolates smoothly between the exponentially small BCS result and the noninteracting BEC T c = [n/2ζ(3/2)] 2/3 π/m 0.22E F for dimers of mass 2m and density n/2; see Fig. 3 . Just as MFT is a saddle point approximation in a functional integral formulation of the crossover, NSR is equivalent to Gaussian fluctuations in the normal state [27, 28, 29] .
Any perturbative treatment of fluctuations will necessarily break down in the (Ginzburg) critical region near T = T c . While the range of |T − T c |/T c where critical fluctuations dominate is small in both the BCS and BEC limits, it is of order unity near unitarity [28, 30] .
This follows from the non-monotonic dependence on 1/k F a of the Ginzburg-Landau (GL) healing length, which is large in both the BEC and BCS limits and has a minimum ∼ k −1 F near unitarity. The GL healing length (also called the coherence length) ξ GL ≡ γ/|α| is defined in terms of the parameters entering the GL free energy functional f GL = α|Ψ| 2 +γ|∇Ψ| 2 +· · · , where Ψ is the superfluid order parameter. We should emphasize that ξ GL is in general distinct [28] from the Cooper pair size, which is a monotonically decreasing function of 1/k F a. Related to the non-monotonicity of ξ GL through the crossover is the non-monotonic dependence on 1/k F a of the critical velocity v c , which is determined by pair-breaking in the BCS regime but by the speed of sound in the BEC regime. It has a maximum at unitarity with v c ∼ v F [31, 32] , a prediction that has been directly verified by experiment [33] .
Although the T = 0 superfluid is maximally robust close to unitarity, T c as a function of 1/k F a shows only a rather weak maximum and then flattens out in the BEC regime, as seen in Fig. 3 and also in QMC simulations discussed below. In the BCS regime T c is determined by the gap, while in the BEC regime it is controlled by the superfluid density, or phase stiffness, whose scale is set by the density in our Galilean invariant system. T c for a lattice model of the crossover, such as the "negative U" Hubbard model, however, has a strong maximum [34] and decreases like t 2 /|U | in the BEC regime. The normal (non-superfluid) state crossover is more subtle than the ground state crossover from large to small pairs. In the BCS limit, since both pair formation and condensation occur at T c E F , the normal state is a Landau Fermi liquid. In the BEC regime, on the other hand, superfluid order is destroyed by phase fluctuations depleting the condensate, not by destroying pairing. The state above T c is a normal Bose gas of dimers, which dissociate only at the pairing T * . The question of how the system above T c evolves from a normal Fermi liquid to a normal Bose liquid is quite nontrivial. It was proposed early on that it does so via a pairing pseudogap [35, 36, 37] between T c and T * . The existence of a pseudogap would be particularly exciting near unitarity where the system can be in a degenerate Fermi regime and yet show marked deviations from Fermi-liquid behavior; see Sec. 7.
Beyond the simplest approaches: While the results described above have the virtue of interpolating smoothly between the BCS and BEC limits, there is no small parameter to control the calculations in the strongly interacting regime. The results, though qualitatively correct, are quantitatively inadequate. Even in the BCS limit, MFT fails in two distinct ways. First, MFT overestimates both the T = 0 gap ∆ and T c by the same numerical factor of (4e) 28) . This suppression arises from polarization effects in the medium (particle-hole fluctuations) that effectively weaken the attraction [38] . Second, the weak-coupling MFT ground state energy ignores perturbative corrections in k F |a|, while including the exponentially small non-perturbative contribution of pairing. The perturbative "Fermi liquid" corrections at T = 0 are in fact correctly described by Gaussian fluctuations [39] about MFT, and have the same form as the classic results for the repulsive Fermi gas, but with a < 0.
In the opposite BEC limit 1/k F a 1 the crossover MFT overestimates the dimer scattering scattering length a MF dd = 2a [27] , while the exact solution of the four-body problem [20] yields a dd = 0.6a. Gaussian fluctuation theories [39, 40] that work across the entire crossover are able to partially account for this renormalization in the BEC limit.
It is no surprise that the quantitative failures of MFT and simple extensions are the most severe in the strongly interacting regime near unitarity; see Table I . Consider ξ s = E 0 /(3N E F /5) (subscript s for superfluid), the ratio of the ground state energy E 0 at unitarity to that of the free Fermi gas [41] . At unitarity, one also has µ = ξ s E F . The MFT estimate ξ M F T s = 0.59 [28] is much larger than the best estimates ξ s 0.37. Similarly, the MFT plus Gaussian fluctuation approach, which provides the estimate T c /E F 0.2 [27] at unitarity, exceeds the best numerical estimates of 0.15. Below, we show the best estimates for various quantities in Table I and discuss where they come from.
Despite the lack of a small parameter, there have been many approximate calculations using diagrams [12, 42, 43] (see also, Ch. 4 in Ref. [8] ), functional integrals [28, 39, 40] , and conserving approximations [44, 45] . While the level of self-consistency imposed and the results differ in detail, the essential physics that these approximations attempt to capture is the same, namely the effect of pair (particle-particle channel) fluctuations going beyond MFT. These calculations do give important qualitative insights, even if not precise quantitative control. For instance, one can see the smooth evolution of the Anderson-Bogoliubov phonon mode in the weak coupling BCS limit to the Bogoliubov phonon in the BEC limit. The reduction in the ground state energy, discussed above in terms of ξ s , can be attributed [39] to the zero point motion of these collective modes and virtual scattering of gapped quasiparticle excitations that are missing in MFT. The conserving approximation results using Luttinger-Ward functionals [44, 45] are in quantitative agreement with the most accurate results shown in Table I , except for a spurious first-order phase transition.
One way to organize these calculations is to generalize Eq. (4) to N "flavors" of spin ↑ and ↓ fermions interacting with an Sp(2N )-invariant attractive interaction and carry out a large-N expansion [46, 47] . The N = ∞ saddle point corresponds to MFT and 1/N corrections to Gaussian fluctuations. In the end, however, one has to take N = 1.
Unitary Fermi gas: Field theories and Quantum Monte Carlo studies
The three-dimensional unitary Fermi gas is the most strongly interacting system of fermions with a short range interaction that one can possibly have in the continuum. When |a| = ∞, the low-energy s-wave scattering phase shift δ 0 = π/2 is the largest it can be, and the scattering amplitude f (k) = i/k has no scale.
The theoretical challenge then is to gain insight into properties of the unitary Fermi gas -for instance, the ground state energy, T c , and scaling functions -in the absence of a small parameter. In recent years, there has been remarkable theoretical progress on addressing this problem, using a variety of approaches. These include: (1) diagrammatic and functional integral approaches (described above), (2) field theory techniques -renormalization group, 1/N and expansions, and operator product expansion -which were developed for scaleinvariant problems of classical and quantum critical phenomena, (3) numerical simulations using various quantum Monte Carlo (QMC) methodologies, and (4) exact results for zerorange interactions that give nontrivial relations between various physical observables. We describe (2) and (3) here and devote the next Section to the new exact results.
Field theory approaches: Universality, arising from the lack of a scale other than E F at unitarity, was recognized in Refs. [41, 48] . This observation was formulated in a renormalization group (RG) framework in Ref. [47] , which emphasized that the 3D unitary point at T = 0 and µ = 0 is a quantum critical point. At T = 0, it separates a vacuum phase with no particles for µ < 0 from a superfluid phase for µ > 0. A suitably defined dimensionless coupling constant g, which determines the strength of the four fermion interaction ψ †
where d is the spatial dimensionality. In d > 2 there is a fixed point at g * = 2(2 − d) < 0 that represents the scale invariant point. Couplings g > g * (less attractive than the fixed point) flow to 0, so that no bound state exists in vacuum, while g < g * (more attractive than the fixed point) flow to −∞, indicating the existence of a bound state. T and µ are also relevant perturbations at this fixed point. Standard RG arguments can then be used to write down various observables as functions of (g * − g) ∼ 1/a (in 3D), T and µ in a scaling form like Eq. (1). Moreover, the RG also suggests strategies to compute scaling functions. One approach is to look at a suitable large-N limit of the problem, leading to the 1/N -expansion discussed above.
Another powerful approach uses dimensionality expansions [49, 50] . It is easy to see from the above RG flow that 2D is the "lower critical dimensionality" with the fixed point at g * = 0; i.e., the weak-coupling BCS limit. This is related to the fact that an arbitrarily weak attraction in 2D leads to a bound state, the implications of which for the BCS-BEC crossover were examined in Refs. [26, 51] . Thus, in d = 2 + dimensions, the fixed point g * is perturbatively accessible and one can compute various observables in powers of . The "upper critical dimension" d = 4 [52] is not immediately apparent from the formulation discussed here because the scale-invariant fixed point lies in the BEC limit where the relevant weaklyinteracting degrees of freedom are bosonic. Using a Hubbard-Stratonovich transformation, one can write the interaction in terms of a pair of fermions coupling to a bosonic field φ via λ(φψ † ↑ ψ † ↓ + h.c.), similar to the two-channel formulation. This coupling λ becomes dimensionless in d = 4 [47, 49, 50] . Another way to see that d = 4 is special is to look at the pair wavefunction (6) , which has the asymptotic form ψ(r → 0) ∼ 1/r d−2 in d-dimensions. One then sees that its normalization integral diverges for d ≥ 4. The amplitude of the pair wavefunction is clustered around the origin r = 0 and the system looks like an ideal gas of point bosons in d = 4 [50, 52] . Starting from the upper critical dimension, the properties of the unitary Fermi gas are thus again perturbatively accessible in a d = 4 − expansion. The situation is analogous to classical statistical mechanics, where also two distinct formulations are needed near the lower and upper critical dimensionalities: a non-linear sigma model, with fixed-length spins, near 2D and a ϕ 4 theory, with amplitude fluctuations, near 4D. We refer the reader to the review article [53] , which summarizes the results for thermodynamic and spectral properties using dimensionality expansions and their extrapolation to 3D (shown in Table I ). An alternative approach to describe the properties of the unitary Fermi gas using nonrelativistic conformal field theory [54, 55, 56] is also described there.
Quantum Monte Carlo (QMC) results: Numerical simulations using a variety of QMC techniques have played a decisive role in providing quantitative insights into the unitary Fermi gas, as might be expected for a strongly interacting problem without a small parameter.
The earliest QMC papers focused on the evolution of the ground state properties [57, 58] across the crossover using T = 0 "diffusion" QMC. In this wavefunction-based technique one starts with a trial state, like the BCS ground state with a fixed number of particles, possibly together with additional correlation factors. One then uses a QMC technique to project out, as it were, the component of the true ground state and compute observables. The "fermion sign problem" manifests itself here as the bias introduced by the fixed-node approximation, since projection does not move the nodes of the trial states, at least in the simplest implementations. Nevertheless, this technique has led to some of the most accurate estimates of the ground state energy. Early QMC studies at unitarity found ξ s 0.42−0.44 [57, 58] , but more recent QMC gives a bound ξ s < 0.383(1) [59] , consistent with [60] , which uses a different QMC method.
Other QMC studies [61] find a Bogoliubov quasiparticle dispersion of the form
1/2 at T = 0, where the energy gap ∆/E F 0.5 at unitarity [60, 62] .
Here the effective mass m * and the shift in the minimum of E(k) arising fromμ = µ − U are due to self-energy effects. The predicted negative shift U −0.43E F [61] and the energy gap have been seen in radio frequency spectroscopy experiments [63] .
Determinental QMC techniques are used to address finite temperature properties. In general, fermion QMC is plagued by the "sign problem": the determinant obtained upon integrating out the fermions is not positive definite resulting in large cancellations that lead to large statistical errors. Fortunately, it has long been known that for the special case of spin-balanced fermions with on-site attractive interaction on a lattice, there exists a Hubbard-Stratonovich decoupling that evades the fermion sign problem. Using variants of the determinental QMC approaches, different groups have obtained T c /T F = 0.152(7) [64, 65] , 0.15(1) [60] and 0.171(5) [66] at unitarity. QMC studies also show a non-monotonic T c as a function of 1/k F a with a peak on the BEC side of unitarity [65] . A comparison of theoretical results with experiments at unitarity are shown in Table I . 6 Li suggest that ξ s might be slightly reduced [68] .
Exact results: Contact, Tan relations, sum rules
A remarkable consequence of the diluteness of cold atoms (k F r 0 1) is that we can take the zero-range (r 0 → 0) limit and obtain a number of exact results that give nontrivial relations between various observable across the entire crossover. These include the Tan relations [69, 70] and exact sum rules for a variety of spectral functions, which we discuss below. An excellent review of these universal relations is given in Ch. 6 in Ref. [8] .
The central quantity underlying these exact identities is the contact C [70, 71] that quantifies the probability of finding two particles of opposite spin close together. One way to introduce C is via the short distance structure of the two-particle correlator [70, 72] 
The form of this result is dictated by two-body physics, since at short distances ρ 2 is just the square of the two-particle wavefunction in Eq. (6) . But the prefactor C contains information about many-body physics. The contact C also determines the large-k "tail" of the momentum distribution of spin-σ fermions
This shows that the contact must be of the form C = k
Although the n σ (k) tail and related results have been obtained in a variety of different ways [69, 70, 72, 73, 74] , the operator product expansion [71, 75] leads to the most elegant derivation.
While it might seem that the short-distance or large-k behavior of correlations should be of limited interest, Tan showed that the contact C was directly related to a wide range of thermodynamic quantities. The first of the Tan relations that makes this connection is
the so-called adiabatic relation, where E is the energy density and S is the entropy. It follows from an application of the Hellmann-Feynman theorem (∂E/∂λ) S = ∂Ĥ/∂λ = d 3 rρ 2 (r)∂V (r; λ)/∂λ to a Hamiltonian with a short-range interaction V (r; λ), with λ a microscopic parameter (e.g., the magnetic field detuning from a Feshbach resonance) which tunes the scattering length a(λ). The two-particle Schrödinger equation gives ∂λ/∂a , 76] . Using Eq. (7) we immediately obtain Eq. (9). Another Tan relation expresses the total energy as functional of n σ (k):
Using Eq. (7) to evaluate the interaction energy V ≡ d 3 rV (r, λ)ρ 2 (r) and making use of the fact that Eq. (6) solves the two-particle Schrödinger equation, one finds V = C/4πma − CΛ/2π 2 m where the cutoff Λ ∼ 1/r 0 . The divergence in the interaction energy is exactly cancelled by the one in the kinetic energy, which must exist in view of the tail of Eq. (8), thus leading to a total energy (10) which is cutoff independent. Another Tan identity is
the pressure relation, which follows straightforwardly from the definition P = −(∂E/∂Ω) S,N where Ω is the volume and the adiabatic relation (9) . We note that the Tan relations as well as the consistency of C determined from various measurements, such as the n σ (k)-tail and the the radio frequency (RF) spectroscopy tail (see below), have been verified experimentally [77] .
The key insight underlying all Tan identities is that the form of the short-distance properties of Fermi gases are determined by two-body physics, with the overall strength controlled by the many-body contact C. The same is true for short-time properties or the high-frequency tails (E F ω 1/mr 2 0 ) of various spectral functions, which are all proportional to C/ω γ with γ determined by two-body physics. Examples include the RF spectral function tail I(ω) ∼ C/ω 3/2 [78, 79] and the tail of the long-wavelength dynamic structure factor S(q, ω) ∼ Cq 4 /ω 7/2 [80, 81] . The large-ω RF tail has been used as one of the ways to measure the contact [77] (for another way to measure the contact, see Ref. [82] ), and the tails play an important role in deriving sum rules, a topic which we turn to next.
Sum rules: Sum rules have played a central role in condensed matter physics. These exact results -derived using Kubo formulae, causality, and commutation relations -are useful for analyzing experimental data, constraining approximate calculations, and deriving rigorous results. For lack of space, we omit a discussion of the "clock shift" sum rule on the firstmoment of the RF spectral function, which is proportional to the interaction energy [83, 84, 85] .
We focus here on the sum rules for the spectral functions [80] of the shear viscosity η(ω) and the bulk viscosity ζ(ω) in 3D. The η-sum rule [86, 87] 
relates the integral of a spectral function over all frequencies to thermodynamics. Note that a large-ω tail of the form described above is subtracted out to get a convergent, universal answer [87] , independent of cutoff in the Λ ∼ 1/r 0 → ∞ limit. This sum rule has been useful in calculations of (the d.c. value of) the shear viscosity η ≡ η(ω = 0); see next Section. It acts as a numerical check on conserving approximations [86] and as a constraint imposed on the analytic continuation of QMC data [88] from imaginary time to real frequency. The ζ-sum rule [80, 87] (which applies to ζ 2 below T c ) is given by
where cs = (∂P/∂ρ) 1/2 s is the adiabatic sound speed withs = S/N the entropy per particle. It follows from the T /E F scaling of thermodynamic functions that the right-hand side of (13) vanishes at unitarity. The second law of thermodynamics implies ζ(ω) ≥ 0. It then follows that ζ(ω; T ) ≡ 0 at unitarity [80] . This generalizes the result that ζ = 0 in a scale-invariant system [55, 89] to all frequencies (ω 1/mr 2 0 ), despite the presence of three energy scales: E F , T and the external ω. Another interesting prediction that follows from the vanishing of the bulk viscosity spectral function at unitarity is that [80] η(ω) = lim q→0 3ω 3 Imχ ρ,ρ (q, ω)/4q 4 . This should permit, in principle, a measurement of the shear viscosity spectral function at unitarity using resonant Bragg scattering that measures Figure 4 : The specific heat of the unitary Fermi gas as a function of T /F F exhibits a phase transition to the superfluid state at T c 0.18E F . The red dots denote experimental points; the colored curves are various theoretical results for comparison. From Ref. [67] . dynamical density-density correlations (see Ref. [90] ). The analogue of (13) in 2D has also been used [87] to account for a small empirical bulk viscosity through the 2D BCS-BEC crossover [91] .
Thermodynamics, transport and spectroscopy at unitarity
We have already noted the pioneering cold atoms experiments on the BCS-BEC crossover in the Introduction. We now describe three beautiful new experiments, and related theory, that shed light on different aspects of the unitary Fermi gas: (1) Thermodynamic measurements [67] at unitarity that clearly show a signature of the superfluid phase transition in the specific heat and also permit detailed comparison with high precision QMC [92] . (2) Viscosity measurements [93] at unitarity, which find evidence for a very strongly interacting system with a shear viscosity to entropy density ratio η/s that comes close to saturating a conjectured bound. (3) RF spectroscopy experiments [94, 95] , analogous to angle-resolved photoemission (ARPES), suggestive of a pseudogap arising from pairing in the normal state. We will not discuss here other important experiments and related theories, e.g., collective oscillations of trapped gases [96, 97, 98] , including the remarkable recent observation [98] of second sound [99] and measurement of the superfluid density.
Thermodynamics of the unitary Fermi gas: The harmonic trap
i , (i = x, y, z) leads to an inhomogeneous density n(r). The connection between the properties of a trapped gas and that of a uniform system can be established by using the Thomas-Fermi local density approximation (LDA) [11] , where one uses a "local chemical potential"
Here µ 0 is the thermodynamic chemical potential of the trapped gas, fixed by the con-dition N = drn(r), and µ[n] ≡ (∂E/∂n) S,N is the chemical potential of the uniform gas, determined by the energy density E of the uniform system. A number of experiments [100, 101, 102, 103, 104] have measured the energy of the unitary Fermi gas in a trap, given within LDA by
T /E F (r) varies from its lowest value at the trap centre to infinity at the edge of the cloud [E F (r) ∼ n 2/3 (r)] where the density vanishes. Thus E trap (T ) is effectively a weighted sum over all temperatures, greatly complicating the task of extracting the equation of state E(T ) of the uniform gas from it.
A crucial step in obtaining local thermodynamic quantities was the realization [105, 106] that the measured density profile n(r) yields the local isothermal compressibility κ T (r). Using Eq. (14),
T can be related to spatial derivatives of n(r) and V trap (r). Remarkably, using only standard thermodynamic relations and scale invariance at unitarity [48] , (local) thermodynamic quantities, such as the pressure, energy, chemical potential, entropy and specific heat, can all be determined from κ T [67, 92, 106] . As an example we show in Fig. 4 the specific heat [67] of a unitary Fermi gas, which gives clear evidence for the superfluid phase transition, known to be in the 3D XY universality class.
The same experiments also led to the most precise measurement of ξ s = E 0 /(
N E F ) (see Table I ) and a detailed comparison of normal state thermodynamics with new numerical techniques like "bold diagrammatic" QMC [92] . The remarkable agreement between experiment and QMC without adjustable parameters, shows the potential for quantum gases to benchmark novel computational techniques.
Viscosity: Transport in strongly interacting quantum systems without well-defined quasiparticles is a subject of central interest in diverse areas of physics. In quantum materials the focus has been on electrical transport in non-Fermi liquid regimes, often near quantum critical points. Here we look at the viscosity of the unitary Fermi gas, which -surprisingly -has connections with the quark-gluon plasma (QGP) and string theory! Much of the interest in the shear viscosity η of the unitary Fermi gas and the QGP produced in heavy ion collisions originates in a gauge-gravity duality calculation [107] of η/s = /4πk B , where s is the entropy density (with and k B restored for clarity), subsequently conjectured to be a universal lower bound [108] . Remarkably, there are no known experimental violations, which raises the questions of whether quantum mechanics places bounds on quasiparticle lifetimes and transport. The two fluids that come closest to saturating the bound are the unitary Fermi gas and the QGP [109] , despite the many orders-ofmagnitude difference in their temperature and density. The property that these two systems share is that both are very strongly interacting, and both exist in a regime where standard Boltzmann transport theory is of questionable validity. In kinetic theory, η ∼ np , where n is the density of quasiparticles, p their characteristic momentum and the mean free path. Using s ∼ nk B , we see that any fluid that comes close to the conjectured lower bound will necessarily violate p , the condition for well defined quasiparticles. The first indication that the unitary Fermi gas might have very low viscosity came from the observation of "elliptic flow" [110] in its expansion dynamics once the anisotropic (cigar shaped) trap is turned off; see Fig. 5 . This is very similar to the behavior seen in heavy ion experiments. Elliptic flow is strictly a property of an ideal fluid, with zero viscosity, wherein Figure 5 : Elliptic flow of a strongly-interacting Fermi gas close to unitarity. The tight radial confinement produces a large pressure gradient in this direction, yielding flow predominantly along this axis for a low viscosity system. From Ref. [93] .
flow follows pressure gradients, in accordance with Euler's equation ρ(∂ t + v · ∇)v = −∇P . For the unitary gas, the non-zero shear viscosity η (recall that the bulk viscosity vanishes) leads to corrections that can be modeled using hydrodynamics. That ultracold gases-some six orders of magnitude more dilute than air-should obey hydrodynamics over the typical dynamical timescale in experiments, set by the inverse trap frequency ω −1 trap ∼ 10ms, might seem counterintuitive. However, strong interactions near unitarity imply a very short time scale τ R ∼ 1/E F [111, 112] to reach local equilibrium. (Far from unitarity, τ R is large and one enters a collisionless regime, leading to ballistic expansion instead of elliptic flow [11, 110] ).
Recent experiments [93, 113] have given quantitative estimates of the shear viscosity in a unitary Fermi gas by detailed modeling of the elliptic flow and by measuring the damping of collective oscillations. They find a minimum value of ηk B / s 0.2 just above T c . Calculations on the unitary Fermi gas also find that η is minimum above T c with conserving approximation estimates η/n 0.5; ηk B / s 0.6 [86] and QMC values η/n 0.18; ηk B / s 0.2 [88] . All calculations need numerical schemes for analytic continuation of imaginary time results, and there is ongoing discussion about their accuracy [114, 115] . By way of comparison, first generation experimental values for the QGP in the heavy ion collisions are around ηk B / s 0.5 [109] .
RF spectroscopy: Measuring the pairing gap across the BCS-BEC crossover has proved to be harder than might have been expected in a field that specializes in high-precision spectroscopy. The basic idea is to absorb a radio frequency (RF) photon and make a transition from one of the states |σ (σ =↑, ↓) involved in pairing to a third hyperfine state |f . Early experiments were difficult to interpret because of strong interactions between the final state |f and atoms in |σ (in 6 Li, but not in 40 K) as well as trap averaging over an inhomogeneous density. Even after these problems are ameliorated by appropriate choice of hyperfine states and use of local imaging, the RF absorption threshold [9, 116] measures E th = ∆ 2 + µ 2 −µ (within MFT), and not the gap ∆. RF photons excite atoms in all k states and E th is determined by k = 0 fermions, instead of ones close to k F . To measure ∆, unpaired atoms were injected into the superfluid to create a slightly spin-imbalanced mixture [63] . The response of the paired and unpaired atoms at different frequencies then led to the estimate of the the Figure 6 : Momentum resolved RF spectroscopy of the unitary Fermi gas for a range of temperatures through the superfluid (left) to normal (right) transition. White dots denote points of highest spectral intensity; the black curve is the quadratic dispersion for a free Fermi gas, and the white curve if a fit to a BCS-like dispersion. From Ref. [95] pairing gap ∆ = 0.44E F at unitarity (see Table I ). An exciting new development is momentum resolved RF spectroscopy [94, 95] , analogous to angle-resolved photoemission spectroscopy (ARPES) [117, 118] , a powerful probe of quantum materials. This gives direct information about the single-particle spectral function 
Here ω ≡ ω RF − ∆ω, with ω RF the frequency of the applied RF field and ∆ω the frequency difference between the |σ and |f hyperfine states, k = k 2 /2m and the Fermi function n F enters since only occupied |σ states contribute to the signal. (The usual RF spectroscopy measures I(ω) ≡ k I(k, ω)).
The k-resolved RF response [95] at unitarity in Fig. 6 clearly shows a "back-bending" (particle-hole mixing) of the dispersion characteristic of a gapped Bogoliubov quasiparticle below T c . A precise estimate of the gap is not available at this time, as it requires knowledge of the chemical potential. A dramatic aspect of this data is the persistence of back-bending above T c , which is tempting to associate with a pairing pseudogap [37] . However, as shown in Ref. [79] , there is a universal large-k, |ω| tail in A σ (k, ω) (related to the large-ω tail in I(ω) mentioned in the previous Section) that has its origin in the short-range physics of dilute gases and which guarantees the existence of incoherent spectral weight that exhibits backbending, independent of whether the system has a gap or not. Thus it becomes important to use back-bending near k F as a signature of a pseudogap for T c < T < T * , as distinct from back-bending at large k k F that would exist even above T * in the absence of a pseudogap. The data in Fig. 6 are consistent with this expectation insofar as the near-k F behavior evidences a conventional single-particle dispersion at the highest temperatures.
Related problems and open questions:
Pairing pseudogap: As discussed above, the normal state evolves smoothly from a Fermi liquid at weak coupling to a normal Bose gas at strong coupling, and does so by exhibiting a pseudogap [35, 36, 37] in the range T c < T < T * , where T * is the the pairing crossover scale; see Fig. 3 . We use the word "pseudogap" to describe the effects of incoherent pairing above T c that lead to strong suppression of low-energy spectral weight for single-particle excitations. Its observable consequences include a gap-like dispersion and associated anomalies in the density-of-states and spin susceptibility [35, 36, 37] that show an unusual T -dependent suppression. We discuss here the theoretical and experimental evidence for such anomalies in the unitary regime, and then turn to the extent to which these considerations relate to the more complex set of phenomena observed in high T c superconductivity in cuprates.
A crucial question is the temperature range over which pseudogap anomalies are observed at unitarity. Different pair-fluctuation approximation schemes give differing answers [119, 120] . The best QMC estimate of the pairing temperature T * 0.2E F [121, 122, 123] at unitarity is considerably lower than the MFT T * (Fig. 3) , but nevertheless larger than T c 0.15E F . Moreover, as one moves to the BEC side of unitarity, the pseudogap regime grows (although, at sufficiently strong coupling, the normal state ceases to be quantum degenerate, and the pseudogap is simply the molecular binding energy). We note that the analysis of spectral properties in QMC and in diagrammatic approximations is complicated by the challenging problem of analytic continuation of numerical data from imaginary to real frequencies.
The experimental situation is not entirely clear. The angle-resolved RF data [95] are highly suggestive of a pseudogap, despite the caveats discussed above. Another aspect of the deviations from Fermi liquid behavior in the pseudogap regime is that the sharp Bogoliubov quasiparticle peaks (below T c ) should be greatly broadened above T c . Although the present RF energy resolution is not sufficient to address this question, the extremely small shear viscosity [93] is consistent with a short lifetime for excitations just above T c . On the other hand, spin susceptibility χ s measurements [124, 125] do not give clear evidence for characteristic T -dependent suppression, with dχ s /dT > 0 [35, 36, 37, 123] . The question of a pseudogap in 2D, where pairing is stronger and T c is suppressed, also remains to be investigated.
Early work on the pairing pseudogap [35, 36, 37] was motivated by the question: does the normal state of a short coherence length superconductor, with pair size comparable to interparticle distance, show deviations from Fermi liquid behavior? It is thus fitting to conclude this discussion by comparing the pseudogap in the BCS-BEC crossover with the (still not well understood) pseudogap in the high-T c cuprate superconductors [117, 118, 126] .
The cuprates differ from the BCS-BEC crossover discussed here in their dominant interactions (Coulomb repulsion vs. s-wave attraction), pairing symmetry (d-wave vs. s-wave), and effective dimensionality (quasi-2D layers vs. 3D). The highly anisotropic pseudogap in underdoped cuprates is likely impacted by proximity to the antiferromagnetic Mott insulator, by incoherent pairing above T c , and by competing orders such as charge density waves. The strongly interacting Fermi gas is a simpler problem with a single instability to s-wave pairing. Thus if a gap exists above T c , it can only be related to precursor pairing correlations.
Spin-imbalanced Fermi gases:
In this review we have only considered Fermi gases with equal densities of the two spin species. A very fertile area of theoretical and experimental activity is the imbalanced case with n ↑ = n ↓ [127, 128, 129, 130, 131] . Spin imbalance acts as a Zeeman field, and may open the door to the possible realization of the spatially modulated superfluid states proposed by Fulde-Ferrell-Larkin-Ovchinnikov (FFLO) [132, 133] . Such states are of considerable interest in both condensed matter physics [134, 135] and in color superconductivity in quantum chromodynamics [18] . Experiments have made great progress in mapping out the temperature-imbalance phase diagram at unitarity [136] , but have not seen the FFLO state in 3D. Experiments have found signatures of FFLO in 1D [137] , where it is predicted to exist over a large range of parameters [138] . There has also been much progress on the problem with large spin-imbalance, which leads to a Landau Fermi liquid of "polarons" [139, 140, 141] whose properties have also been measured [103, 125, 142] .
Two dimensions: The 2D BCS-BEC crossover [26, 51, 143, 144] is of great interest since 2D is the marginal dimension both for the formation of quantum bound states and for classical fluctuations of the superfluid order parameter. Recent experiments [91, 145, 146] have made a number of intriguing observations. The RF absorption threshold in 2D [145] is found to be just the dimer binding energy E b , a mean field theory (MFT) prediction [51] that one would not have expected to be quantitatively valid in 2D [147] . An undamped, monopole breathing mode is found [91] to oscillate at twice the trap frequency for a broad range of temperatures and couplings across the 2D crossover. This apparent scale-invariant behavior, in a theory with an explicit scale E b , is also very surprising [87] , but this too emerges naturally from the T = 0 MFT. An important open question then is to understand why the effects of quantum and thermal fluctuations are so weak for some observables, though not all, in 2D.
Non s-wave superfluids: In marked contrast to the smooth s-wave crossover, the higher angular momentum pairing problem [15, 26, 148, 149] can have a topological quantum phase transition separating the weak and strong coupling phases [150, 151, 152] . At this time, there appear to be a number of technical challenges to realizing the p-wave BCS-BEC crossover experimentally [153] . However, it would be very exciting to realize the chiral p x + ip y superfluid state in 2D [152] , which supports Majorana excitations [150, 151] that are important for topologically protected quantum computation.
Concluding thoughts:
A most exciting and unique aspect of ultracold atomic gases is the ability to tune parameters in simple Hamiltonians with exquisite precision, over timescales which are essentially instantaneous compared to the natural dynamical timescales in the problem, ω −1 trap ∼ 10 ms, E −1 F ∼ 100 µs, and access very strongly interacting regimes. This is in sharp contrast to quantum materials, where the possibility of tuning interactions is more limited and strong-correlations come hand in hand with other complexities like phonons and disorder. While this leads to an infinitely rich phenomenology in the solid-state, it is often resistant to simple quantitative modeling. Thus ultracold gases presents us with an unprecedented opportunity to explore effects that arise purely from strong interactions, unencumbered by other complications. The Fermi gas with interaction tuned via a Feshbach resonance realizes the BCS-BEC crossover, a problem of long standing interest. In its strongly interacting unitary regime, it gives new insights into the problems of high-T c superfluidity, the pairing pseudogap, and transport without sharp quasiparticles. The fact that one can see superfluidity in a Fermi system with a T c that is 15 − 20% of the bare Fermi energy E F is itself remarkable and raises the following question: Is there an upper bound on T c /E F ?
The study of the unitary Fermi gas has brought together researchers from diverse areas of physics. As a result of this cross-fertilization, new theoretical tools have been brought to bear on the unitary Fermi gas, which in turn exhibits remarkable universal properties that shed light on other strongly interacting problems. These include nuclear physics and quantum chromodynamics on the one hand, and gauge-gravity duality in string theory on the other, which have interest in scale-invariant (or nearly scale-invariant) systems exhibiting an unusually low shear viscosity. Although its gravity dual is not known, it is an interesting open question whether holographic techniques will give new insight into non-relativistic systems such as the unitary Fermi gas.
